TOWARDS FINITE GENERATION OF THE 
CANONICAL RING WITHOUT THE MMP 



VLADIMIR LAZIC 

Abstract. This paper is the first of two steps in a project to prove 
finite generation of the log canonical ring without Mori theory. 
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1. Introduction 

In this paper I establish the first of two steps in a project to prove 
finite generation of the log canonical ring without the Minimal Model 
Program. I prove: 

Theorem 1.1. Let {X, A) be a projective kit pair and assume Property 
£^ in dimensions < dimX. Then the log canonical ring R{X, Kx + A) 
is finitely generated. 

Property is stated below. Let me sketch the strategy for the 
proof of finite generation and present difficulties that arise on the way. 
The natural idea is to pick a smooth divisor 5* on X and to restrict the 
algebra to it. If we are very lucky, the restricted algebra will be finitely 
generated and we might hope that the generators lift to generators on 
X. There are several issues with this approach. 

Firstly, in order to obtain something meaningful on S, S should be a 
log canonical centre of some pair {X, A') such that R{X, Kx + A) and 
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R{X, Kx + A') share a common truncation. This issue did not exist 
in the case of pi flips. 

Secondly, even if the restricted algebra were finitely generated, the 
same might not be obvious for the kernel of the restriction map. Note 
that the "kernel issue" also did not exist in the case of pi flips, since 
the relative Picard number = 1 ensured that the kernel was a principal 
ideal, at least after shrinking the base and passing to a truncation. So 
far this seems to have been the greatest conceptual issue in attempts 
to prove the finite generation by the plan just outlined. 

Thirdly, the natural choice is to use the Hacon-M'^Kernan extension 
theorem, see Theorem 15. II below, and hence we must be able to ensure 
that S does not belong to the stable base locus of Kx + A'. 

The idea to resolve the kernel issue is to view R{X, Kx + A) as a 
subalgebra of a larger algebra, which would a priori contain generators 
of the kernel. In practice this means that the new algebra will have 
higher rank grading. Namely, we will see that the rank corresponds 
to the number of components of A and of an effective divisor D ~(Q 
Kx + A. 

Let me illustrate this on a basic example which will model the general 
lines of the proof in Section [Hi Say we wanted to prove by induction that 
the ring R{X, H) was finitely generated, where H is an ample divisor. 
By passing to a truncation and by taking a general member of \nH\ for 
K ^ 0, we may assume that H is smooth and very ample. By Serre's 
vanishing the restriction map pt: H^{X, Ox{kH)) H^{H, OH{kH)) 
is surjective for all fc, and by induction R{H, Oh{H)) is finitely gener- 
ated. If aH e H^{X,Ox{H)) is a section such that div ctj^ = H and 
H is a finite set of generators of the finite dimensional vector space 
@'l^]^H^{X,Ox{iH)), for some d, such that the set {s\h '■ s G 7i} 
generates R{H,Oh{H)), it is easy to see that H U {(Th} is a set of 
generators of R{X, H), since ker(pfc) = H'^{X, OxHk - 1)H)) ■ an- A 
version of this idea applies to the case of pi flips and forms the basis of 
the construction of Shokurov and Hacon-M'^Kernan. 

It is natural to try and restrict to a component of A, the issue of 
course being that {X, A) does not have log canonical centres. There- 
fore I allow restrictions to components of some effective divisor D ~(Q 
Kx + A, and a tie-breaking-like technique allows to create log canonical 
centres. Algebras encountered this way are, in effect, pit algebras, and 
their restriction is handled in Section O This is technically the most 
involved part of the proof. 

Since the algebras we consider are of higher rank, not all divisors 
will have the same log canonical centres. I therefore restrict to available 
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centres, and lift generators from algebras that live on different divisors. 
Since the restrictions will also be algebras of higher rank, the induction 
process must start from them. Thus, the main technical result of the 
paper is the following. 

Theorem 1.2. Let X be a smooth projective variety, and for i = 
!,...,£ let Di = ki{Kx + Aj + A), where A is an ample Q-divisor 
and (X, Aj + A) is a log smooth log canonical pair with \Di\ ^ 0. 
Assume Property £^ in dimensions < dimX. Then the Cox ring 
R{X; Di, . . . , Df) is finitely generated. 

Property £^ in the statement of Theorems ll.ll and ll.2l describ es the 
convex geometry of the set of log canonical pairs with big boundaries in 
terms of divisorial components of the stable base loci. More precisely: 

Property Let X he a smooth variety projective over an affine 
variety Z , B a simple normal crossings divisor on X and A a general 
ample Q-divisor. Let V C Div(X)]R be the vector space spanned by the 
components of B and let Cy = {0 G V : {X, G) is log canonical} ; this 
is a rational polytope in V. Then for any component G of B, the set 

£5 = {$ G £y : G ^ B{Kx + $ + A)} 

is a rational polytope. 

Precise definitions are given in Section [2l This property is a conse- 
quence of the MMP, see Proposition 13.91 below. Here I would like to 
comment on a possible strategy to prove Property without using 
Mori theory. It seems likely that the method of the proof will be quite 
similar to techniques used in Section 5 below to handle finite genera- 
tion of restricted algebras. The method involved is very recent, and 
has appeared in [HacOSj in order to handle the proof of Non- vanishing 
theorem; [PauOSj gives a proof of that statement without the MMP. 
The necessary technical tools were developed in |Laz07t Section 3] in 
order to prove that certain superlinear functions are in fact piecewise 
linear, and they might be of use if one wishes to prove that certain sets 
are polytopes. 

Finally, it is my hope that the techniques of this paper could be 
adapted to handle finite generation in the case of log canonical singu- 
larities and the abundance conjecture. 

Acknowledgements. I am indebted to my supervisor Alessio Corti 
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rank 1 and that starting from simple examples is essential. I would like 
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Unless stated otherwise, varieties in this paper are normal over C 
and projective over an affine variety Z. The group of Weil, respectively 
Cartier, divisors on a variety X is denoted by WDiv(X), respectively 
Div(X). We denote WDiv(X)''^° = {£> G WDiv(X) : k[X,D) > 0}, 
and similarly for Div(X)'^-'', where k is the litaka dimension. Sub- 
scripts denote the rings in which the coefficients are taken. 

We say an ample Q-divisor A on a variety X is (very) general if 
there is a sufficiently divisible positive integer k such that kA is very 
ample and kA is a (very) general section of \kA\. In particular we can 
assume that for some /c 3> 0, kA is a smooth divisor on X. 

For any two divisors P = Y1 Pi^i Q = ^ Qi^i ^ set 



I use basic properties of b-divisors, see |Cor07j . The cone of mobile 
b-divisors on X is denoted by Mob(X). 

For the definition and basic properties of multiplier ideals used in 
this paper see |HM08j . 

The sets of non-negative (respectively non-positive) rational and real 
numbers are denoted by Q_|_ and ]R_|_ (Q_ and R_ respectively). 

Convex geometry. If 5 = ^ Ne^ is a submonoid of N", I denote 
Sq = ^Q+Cj and 5r = ^M+e^. A monoid 5 C N" is saturated if 
5 = 5m n N". 

If 5 = Y17=i ^^cl Ki, . . . , Kn are positive integers, the submonoid 
iS' = Yl^=i NKjCj is called a truncation of S. If ki = ■ ■ ■ = k„ = k, I 
denote S^'^^ := ^"^j^ N/tCj, and this truncation does not depend on a 
choice of generators of S. 

A submonoid S = Yl of (respectively a cone C = ^ ffi+Cj in 
M") is called simplicial if its generators Ci are linearly independent in 
M", and the Cj form a basis of S (respectively C). 

I often use Gordan's lemma without explicit mention, see |Laz07t 
Lemma 2.4], and also that if A : — iS is an additive surjective map 
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between finitely generated saturated monoids, and if C is a rational 
polyhedral cone in 5r, then X^^{S fl C) = fl A^^(C). In particular, 
the inverse image of a saturated finitely generated submonoid of 5 is a 
saturated finitely generated submonoid of Ai. 

For a polytope P C M", I denote Pq = P n Q". A polytope is 
rational if it is the convex hull of finitely many rational points. 

If i3 C M" is a convex set, then R+i3 will denote the set {rb : r G 
M+, b G B}. In particular, if S is a rational polytope, M+i3 is a rational 
polyhedral cone. The dimension of the rational polytope V, denoted 
dimP, is the dimension of the smallest rational affine space containing 
P. 

Let 5 C N"" be a finitely generated monoid, C G {5, iSq, iSr} and V 
an M-vector space. A function / : C — is: positively homogeneous if 
/(Ax) = Xf{x) for X G C, A > 0; superadditive if f{x) + f{y) < f{x + y) 
for x,y E C; Q- superadditive if A/(x) + fif{y) < /(Ax + fiy) for x,y E 
C, X,fi E Q+; Q-additive if the previous inequality is an equality; and 
superlinear if A/(x) + fif{y) < /(Ax + fiy) for x,y E S^, X, fi G M+. 
Similarly for additive, subadditive, sublinear. It is piecewise additive 
if there is a finite polyhedral decomposition C = [JCi such that /ic^ 
is additive for every i; additionally, if each Cj is a rational cone, it is 
rationally piecewise additive. Similarly for (rationally) piecewise linear. 
Assume furthermore that / is linear on C and dimC = n. The linear 
extension of f to is the unique linear function i: ^ V such that 
= /• 

In this paper the relative interior of a cone C = ^ K+Cj C M"", 
denoted by relint C, is the topological interior of C in the space ^ Mcj 
union the origin. If dimC = n, we instead call it the interior of C and 
denote it by int C. The boundary of a closed set C is denoted by dC. 

Asymptotic invariants. The standard references on asymptotic in- 
variants arising from linear series are |Nak04l[ELM+06] . 

Definition 2.1. Let X be a variety and D G WDiv(X)iR. For k G 
{Z,Q,M}, define 

\D\k = {Ce WDiv(X), : C > 0, C ~, D}. 

If T is a prime divisor on X such that T ^ Fix \ D\, then \D\t denotes 
the image of the linear system \D\ under restriction to T. The stable 
base locus of D is B(D) = f](^g|^|^ Supp C if \D\]^ ^ 0, otherwise we 
define B(Z}) = X. The diminished base locus is B_(D) = 1J^^qB(D + 
eA) for an ample divisor A] this definition does not depend on a choice 
of A. In particular B_(D) C B(L'). 
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It is elementary that B{Di + D2) C B{Di) U B{D2) for Di,D2 G 
WDiv(X)K. In other words, the se t {D e WD iv(X)R : x ^ B(D)} is 
convex for every point x E X. By |BCHM06t Lemma 3.5.3], B{D) = 
r\c&\D\Q Supp C when D is a. Q-divisor, which is the standard definition 
of the stable base locus. 

Definition 2.2. Let Z he a closed subvariety of a smooth variety X 
and let D be an effective Q-divisor on X. The asymptotic order of 
vanishing of D along Z is 

oidz \\D\\ = inf{multzC : C G \D\q}. 

More generally, one can consider any discrete valuation 1/ of k{X) 
and define 

u\\D\\ = M{u {C) : C e \D\q} 
for an effective Q-divisor D. Then |ELM"'"06 ] shows that i^\\D\\ = i^\\E\\ 
if D and E are numerically equivalent big divisors, and that u extends 
to a sublinear function on Big(X)]R. 

Remark 2.3. When X is projective, Nakayama in [Nak04j defines a 
function az '■ Big(X) M_|_ by 

az{D) = limord^ \\D + eA\\ 

for any ample M-divisor A, and shows that it agrees with ord^ || ■ || 
on big classes. Analytic properties of these invariants were studied in 
|Bou04j . 

We can define the restricted version of the invariant introduced. 

Definition 2.4. Let 5 be a smooth divisor on a smooth variety X 
and let D G Div(X)Q-° be such that S (/l B(D). Let P be a closed 
subvariety of S. The restricted asymptotic order of vanishing of \D\s 
along P is 

ordp \\D\\s = inf{multpC : kC G \kD\s for some k > 1}. 

Remark 2.5. Similarly as in Remark 12.31 [ HacOSj introduces a function 

ap\\ ■ \\s: C_ R+ by 

c^pII-DIU = limordp \\D + eA\\s 
eio 

for any ample R-divisor A, where C_ C Big(X) is the set of classes of 
divisors D such that S <f. B_(Z}). Then one can define a formal sum 
-^o-||-D||5 = X] cTpll-Dlls-P over all prime divisors P on S". If ^ B{D\ 
then for every £0 > we have limgjgg (Tp||D -|- eA\s = ordp ||-D -|- ^o^lls 
for any ample divisor A on X similarly as in |Nak04| Lemma 2.1.1], cf. 
[HacOSl Lemma 7.8]. 
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In this paper I need a few basic properties cf. |Hac08t Lemma 7.14]. 

Lemma 2.6. Let S be a smooth divisor on a smooth projective variety 
X, let D G Div(X)Q-*^ be such that S (/L B(i5) and let P be a closed sub- 
variety of S . If A is an ample Q-divisor on X, then ordp \\D + A\\s < 
ordp II-DII5, and in particular ap\\D\\s < ordp ||-D||s'. // (Jp||Z)||5 = 0, 
then there is a positive integer I such that multpFix \1{D + A)\s = 0. 

Proof. The first statement is triviaL For the second one, we have 
ordp \\D + ^A\\s = 0. Set n = dimX, let if be a very ample divisor on 
X and fix a positive integer / such that H' = ^A — {Kx + S) — {n + 1)H 
is very ample. Let A ~q D + ^A be a Q-divisor such that S (f. Supp A 
and multp A|5 <\jl. We have 

Jit.,s^Ks + E[s + + \)E\s + /A|5 + mH\s)) = 

for m > —n by Nadel vanishing. Since 1{D + A) ~q Kx + S + H' + (n + 
1)H + I A, the sheaf JiA^g{l{D + A)) is globally generated by |HM08l 
Lemma 5.7] and its sections lift to H'^iX, 1{D + A)) by |HM08l Lemma 
4.4(3)]. Since multp(/A|5') < 1, Ji/^^^ does not vanish along P and so 
multpFix + A) I5 = 0. □ 

3. Higher rank algebras 

In this section I adapt some of the definitions from |Laz07j to suit 
the context of this paper. 

Definition 3.1. Let X be a variety, S a finitely generated submonoid 
of N^', and let /x: iS ^ WDiv(X)''-'^ be an additive map. The algebra 

R{X,^^{S)) = @H\X,Ox{^^m 

ses 

is called the divisorial S-graded algebra associated to /i. When S = 
Ncj is a simplicial cone, the algebra R{X, fi{S)) is called the Cox 
ring associated to fi, and is denoted also by R{X; /i(ei), . . . ,yu(e^)). 

Remark 3.2. Algebras considered in this paper are algebras of sec- 
tions. I will occasionally, and without explicit mention, view them 
as algebras of rational functions, in particular to be able to write 
H^{X, D) ~ ifO(X, Mob(L')) C k{X). 

Assume now that X is smooth, D e Div(X) and that F is a prime 
divisor on X. If o"r is the global section of OxiX) such that divar = F, 
from the exact sequence 

^ H\X, Ox{D - F)) ^ H\X, Ox{D)) ^ H\T, Or{D)) 
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we define lesr H'^{X,Ox{D)) = lm{pD,r)- For a e H^{X,Ox{D)), I 
denote a\r '■= PD,r{cr)- Observe that 

(1) ker(p^,r) = H\X, Ox{D - V)) ■ ar, 

and that resr H^{X,Ox{D)) = if T C Bs\D\. If D ~ D' such that 
the restriction D'p is defined, then 

lesr H%X,Oxm - resr H%X,OxiD')) C H%T,OriD\^)). 

The restriction of R{X,fi{S)) to T is defined as 

resr/?(X,/x(5)) = resr i/°(X, 

This is an iS-graded, not necessarily divisorial algebra. 

Remark 3.3. Under assumptions from Definition 13.11 we define the 
map Mob^ : S Mob(X) by Mob^(s) = Mob(/i(s)) for every s eS. 
Then we have a b-divisorial algebra 

R{X,Moh^{S)) - R{X,fi{S)) 

as defined in |Laz07j . If S' is a finitely generated submonoid of S, 
I use R{X, fi{S')) to denote R{X , {S')) . If 5 is a submonoid of 
WDiv(X)''-° and t: S S is the identity map, I use R{X,S) to 
denote R{X,l{S)). 

The following lemma summarises the basic properties of higher rank 
finite generation. 

Lemma 3.4. Let S G be a finitely generated monoid and let R = 
0sg5 -Rs be an S -graded algebra. 

(1) Let S' be a truncation of S. If the S' -graded algebra R' = 
®sgs' is finitely generated over Rq, then R is finitely gener- 
ated over Rq . 

(2) Assume furthermore that S is saturated and let S" d S be a 
finitely generated saturated submonoid. If R is finitely generated 
over Rq, then the S" -graded algebra R" = ^g^zgn Rs is finitely 
generated over Rq. 

(3) Let X be a variety and let fx: S WDiv(X)''-° be an ad- 
ditive map. If there exists a rational polyhedral subdivision 
iSr = ULi such that, for each i, Mob^iA^nS is an additive 
map up to truncation, then the algebra R{X, fi{S)) is finitely 
generated. 

Proof. See |Laz07l Lemmas 5.1 and 5.2] and |ELM"'"06[ Lemma 4.8]. □ 
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I will need the following result in the proof of Proposition 13.71 and in 
Section O 

Lemma 3.5. Let X be a variety, S G W a finitely generated monoid 
and let f : S ^ G he a superadditive map to a monoid G which is a 
subset o/ WDiv(X) or Mob(X), such that for every s E S there is a 
positive integer Lg such that f\fq^^s is an additive map. 

Then there is a unique Q- superadditive function f^: Sq ^ Gq such 
that for every s E S there is a positive integer Xg with f{Xss) = /"(Ags). 
Furthermore, let C be a rational polyhedral subcone of S^. Then f\cns 
is additive up to truncation if and only if ffcnsq Q-additive. 

If fi: S Div(X) is an additive map and m = Mob^ is such that 
for every s G S there is a positive integer tg such that mi^t^s is an 
additive map, then we have 

(2) m«(.)=M^-5^(ord^||M^)||)i^^, 

where the sum runs over all geometric valuations E on X . 

Proof. See the proof of |Laz07l Lemma 5.4]. Equation ([2]) is a restate- 
ment of the definition of m** from that proof. □ 

Definition 3.6. In the context of Lemma the function /" is called 

the straightening of f. 

Proposition 3.7. Let X be a variety, S G W a finitely generated 
saturated monoid and fi: S ^ WDiv(X)'^-° an additive map. Let C be 
a finitely generated submonoid of S and assume R{X,^{S)) is finitely 
generated. Then R{X , fi{C)) is finitely generated. Moreover, the map 
m = Mob^|£ is piecewise additive up to truncation. In particular, 
there is a positive integer p such that Mob^(ips) = iMob^(ps) for 
every i G N and every s G C. 

Proof Denote M = CrDW. By Lemma [33 l2), R{X,fi{M)) is finitely 
generated, and by the proof of |ELM"'"06i Theorem 4.1], there is a 
finite rational polyhedral subdivision A4r = IJ A, such that for every 
geometric valuation E on X, the map ord^; || ■ || is Q-additive on Aj fl 
Aiq for every i. Since for every saturated rank 1 submonoid TZ G 
Ai the algebra R{X, fj,(Jl)) is finitely generated by Lemma [23(2), the 
map m-jiQC is additive up to truncation by |Cor07l Lemma 2.3.53] and 
thus there is the well-defined straightening m" : £q ^ Mob(X)Q since 
A4q = Cq. Then ([2]) implies that the map m^l\-r]CQ is Q-additive for 
every i, hence by Lemma 13.51 the map m is piecewise additive up to 
truncation, and therefore R{X,^{C)) is finitely generated by Lemma 
[33K3). □ 
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The following lemma shows that finite generation implies certain 
boundedness on the convex geometry of boundaries. 

Lemma 3.8. Let {X, A = B + A) be a log smooth kit pair, where A 
is a general ample Q-divisor, B is an effective M.-divisor, and assume 
that no component of B is in B{Kx + A). Assume Property and 
Theorem in dimension dimX. Let V C Div(X)iR be the vector 
space spanned by the components of B and W (Z V the smallest rational 
affine subspace containing B. Then there is a constant rj > and a 
positive integer r such that if ^ E W and k is a positive integer such 
that II $ — 5 II < rj and k{Kx + ^ + A)/r is Cartier, then no component 
of B IS m Fix \k{Kx + $ + A)|. 

Proof. Let Kx be a divisor such that Ox{Kx) — ojx and SuppA ^ 
Suppi^x, and let A C Div(X) be the monoid spanned by components 
of Kx,B and A. Let G be a components of B. By Property £^ 
there is a rational polytope V dW such that A G relintP and G (f_ 
B(ii'x + $ + A) for every $ G P. Let Di, . . . , D£ be generators of 
R+{Kx + A + V)nA. By Theorem O the Cox ring R{X; Di,...,Di) 
is finitely generated, and thus so is the algebra R{X, A) by projection. 
By Proposition 13. 71 there is a rational polyhedral cone C C A]r such that 
A G C and the map Mob^|^p|^(r) is additive for some positive integer r, 
where t : A ^ A is the identity map. In particular, if $ G C fl P and 
k{Kx + ^ + A)/r is Cartier, then G ^ Fix \k{Kx + ^ + A)\. Pick r] 
such that $ G C n P whenever ^ E W and ||$ — A|| < rj. We can take 
7] and r to work for all components of B, and we are done. □ 

To conclude this section, I show how results of |BCHMd6] imply 
Property C% Of course, a hope is that this will be proved without 
Mori theory. 

Proposition 3.9. Property £^ follows from the MMP. 

Proof. Let Kx be a divisor such that Ox{Kx) — ojx and SuppA ^ 
Suppi^'x, and let A be the monoid in Div(X) generated by the com- 
ponents of Kx,B and A. Let t: A —>■ A be the identity map, and 
denote S = M.+ {Kx + A + Cy) H A. Since Cy is a rational poly- 
tope, 5 is a finitely generated monoid and let Di be generators of 
S. By |BCHM06l Corollary 1.1.9], the Cox ring R{X] D^, . . . , Dk) is 
finitely generated, thus so is the algebra R{X, S) by projection. The 
sei M. = {D E S : |D|Q7^0}isa convex cone, and therefore finitely 
generated since -R(X, S) is finitely generated, so I can assume M. = S. 
By Proposition 13. 7[ the map Mob^ is piecewise additive up to trun- 
cation, which proves that the closure C of the set (>C2)q is a rational 
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polytope, and I claim it equals Otherwise there exists $ G C^\C, 
and therefore the convex hull of the set CU{$}, which is by convexity a 
subset of C% contains a rational point $' G >C^\C, a contradiction. □ 



I need a few results from Diophantine approximation theory. 

Lemma 4.1. Let A C M" he a lattice spanned by rational vectors, and 
let V = A ®i M. Fix a vector v E V and denote X = Nv + A. Then 
the closure of X is symmetric with respect to the origin. Moreover, if 
Ti:V^V/Kis the quotient map, then the closure of n^X) is a finite 
disjoint union of connected components. If v is not contained in any 
proper rational affine subspace ofV, then X is dense in V. 

Proof. Let G be the closure of vr(X). Then G is a closed infinite sub- 
group of the compact group V/A. The connected component Go of the 
identity in G is a Lie subgroup of V/A and so by |Bum04^ Theorem 
15.2], Go is a torus. Thus Go = Vq/Aq, where Vq = AqI^^M. is a rational 
subspace of V. Since G/Gq is discrete and compact, it is finite, and 
it is straightforward that X is symmetric with respect to the origin. 
Therefore a translate of f by a rational vector is contained in Vq, and 
so if V is not contained in any proper rational affine subspace of V, 



The next result is |BCHM06l Lemma 3.7.7]. 

Lemma 4.2. Let x G M" and let W be the smallest rational affine 
space containing x. Fix a positive integer k and a positive real number 
e. Then there are Wi, . . . ,Wp E W (1 Q" and positive integers ki, . . . ,kp 
divisible by k, such that x = 'YTi=i'^i'^i with rj > and = 1; 

II a; — Will < e/ki and kiWi/k is integral for every i. 

I will need a refinement of this lemma when the smallest rational 
affine space containing a point is not necessarily of maximal dimension. 

Lemma 4.3. Let x G M"', letO<e,ri<^l be rational numbers and let 
Wi G Q" and ki eN be such that ||a; — Wi|| < e/ki and kiWi is integral. 
Then there are W2, ■ ■ ■ , Wm G Q"", positive integers k2, ■ ■ ■ ,km such that 
\\x — Wi\ < e/ki and kiWi is integral for every i, and positive numbers 
ri,...,rm such that x = and = 1. Furthermore, we 

can assume that w^, . . . , Wm belong to the smallest rational affine space 
containing x, and we can write 



4. Diophantine approximation 



then Vn 



— 



V. 



□ 



X = 



ki + k2 



Wi + 



ki + k2 



W2 + ^, 



with ll^ll <r]/{ki + k2). 
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Proof. Let W be the minimal rational affine subspace containing x, let 
tt: M" ^ M"/Z" be the quotient map and let G be the closure of the 
set 7r(Nx + Z"). Then by Lemma [4.11 we have TT{—kix) G G and there 
is A;2 G N such that 7i{k2x) is in the connected component of 7r(— fcix) 
in G and \\k2X — y\\ < f] for some y G M" with 7r(?/) = TT{—kix). Thus 
there is a point W2 G Q" such that ^2^2 £ ^""j 11^23; — ^2^2!! < e and 
the open segment (^1,^2) intersects W. 

Pick t G (0, 1) such that Wt = twi + (1 — t)w2 G W , and choose, 
by Lemma 14.21 rational points W3, . . . , Wm G W and positive integers 
ks, . . . ,km such that fcjWj G Z", ||x — < e/fcj and x = J2^3 ''^i'^i + 
TtWt with > and all rj > 0, and + XlI^Ls'"* ~ Thus x = 
Z^i^li ^j^j "w-ith ri = and r2 = (1 - 

Finally, observe that the vector y/k2 — W2 is parallel to the vector 
X — wi and \\y — k2W2\\ = \\kix — kiWi\\. Denote z = x — y / k2. Then 

X — Wi X — Wi k2 

{w2 + z)-x W2-y/k2 ki 

so 

ki _|_ ^2 / _|_ X ki _|_ ^2 _|_ ^ 
/ci + /c2 ^1 + ^2 ^1 + ^2 ki + k2 

where ||^|| = ||/i;22:/(fci + A;2)|| < r]/{ki + ^2). □ 

Remark 4.4. Assuming notation from the previous proof, the con- 
nected components of G are precisely the connected components of the 
set TT{[Jk>okW). Therefore y/k2 G W. 

Remark 4.5. Assume X: V is a linear map between vector 

spaces such that A(Vq) C Wq. Let x E V and let if C be 
the smallest rational affine subspace containing x. Then X{H) is the 
smallest rational affine subspace of W containing X{x). Otherwise, as- 
sume H' 7^ X{H) is the smallest rational affine subspace containing 
X{x). Then X^^{H') is a rational affine subspace containing x and 
H ^ X~^{H'), a contradiction. 

5. Restricting plt algebras 

In this section I establish one of the technically most difficult steps 
in the proof of Theorem II. 2[ Crucial results and techniques will be 
those used to prove Non-vanishing theorem in [HacOSj using methods 
developed in [HM OS], and the techniques of [Laz07l Section 3]. 

The key result is the following Hacon-M*^Kernan extension theorem 
|HM08t Theorem 6.2], whose proof relies on deep techniques initiated 
by pu98] . 
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Theorem 5.1. Let tt: X ^ Z be a projective morphism to a normal 
affine variety Z , where {X, A = S + A + B) is a purely log terminal 
pair, S = [AJ is irreducible, {X, S) is log smooth, A is a general ample 
Q-divisor and {S, Q + A\s) is canonical, where Q = {A — S)\s ■ Assume 
S ^ B{Kx + A), and let 

F = liminf ^Fix|m(/rx + A)|5. 

If 6 > is any rational number such that e{Kx + A) + A is ample and 
if $ is any Q-divisor on S and k > is any integer such that both kA 
and are Cartier, and Q A {1 — |)-F < $ < fi, then 

\k{Ks + 1] - $)| + /c<l> C \k{Kx + A)\s. 

The immediate consequence is: 

Corollary 5.2. Let it : X ^ Z be a projective morphism to a normal 
affine variety Z , where {X, A = S + A + B) is a purely log terminal 
pair, S = [AJ is irreducible, {X, S) is log smooth, A is a general ample 
Q-divisor and {S, A\s) is canonical, where Q = {A — S)\s ■ Assume 
S ^ B{Kx + A), and let ^rn = ^ A ^ Fix \m{Kx + A)\s for every m 
such that niA is Cartier. Then 

\m{Ks + ^-^m)\+ m^m = \m{Kx + A)\s. 

Definition-Lemma 5.3. Let (X, A) be a log pair and let f : Y ^ X 
be a proper birational morphism. We can write uniquely 

KY + By = f*{Kx + A)+EY, 

where By and Ey are effective with no common components and Ey 
is /-exceptional. There is a well-defined boundary b-divisor B(X, A) 
given by B(X, A)y = By for every model Y ^ X. 

Proof. Let h: Y' —>■ Y he a log resolution and denote g = foh. Pushing 
forward Ky' + By' = g*{Kx + A) + Ey' via yields 

Ky + KBy' = f*{Kx + A) + H.Ey', 

and thus H^By' = By since H^By' and H^Ey' have no common compo- 
nents. □ 

Lemma 5.4. Let {X, A) be a log canonical pair. There exists a log res- 
olution Y ^ X such that the components o/{B(X, A)y} are disjoint. 

Proof See |KM98l Proposition 2.36] or |HM05l Lemma 6.7]. □ 

The main result of this section is the following. 
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Theorem 5.5. Let X be a smooth variety, S a smooth prime divisor 
and A a very general ample Q-divisor on X. For i = !,...,£ let 
Di = ki{Kx + Aj), where {X,Ai = S + Bi + A) is a log smooth pit 
pair with [AjJ = S and \Di\ 7^ 0. Assume Property in dimensions 
< dimX and Theorem \1.2\ in dimension dimX — 1. Then the algebra 
less R{X; Di, . . . , Dg) is finitely generated. 

Proof. Step 1. I first show that we can assume S ^ Fix \ Di\ for all i. 

To prove this, let Kx be a divisor with Ox{,Kx) — ojx and Supp A (f_ 
Suppi^'x, and let A be the monoid in Div(X) generated by the com- 
ponents of Kx and aU A^. Denote C5 = {P G Ar : ^ ^ B(P)}. By 
Property L% the set A = Y.i n Cs is a rational polyhedral cone. 

The monoid Y^i=\ '^^^% H A is finitely generated and let Pi, . . . , Pg 
be its generators with Pj = for z = 1, . . . , £. Let [i: 0^=1 Ncj — > 
Div(X) be an additive map from a simplicial monoid such that /i(ej) = 
Pi. Therefore S = fi~\AnA)n^^^-^ Ne^ is a finitely generated monoid 
and let hi,...,hm be generators of S, and observe that is a 

multiple of an adjoint bundle for every i. 

Since res s H^{X, fi{s)) = for every s E (0i=iNej)\5, we have 

that the algebra ress' P(X, Ncj)) = ress R{X; Di, . . . , Di) is 
finitely generated if and only if less R{X, n{S)) is. Since we have the 
diagram 

R{X- /.(/ii), . . . , i^ihrn)) R{X, ^{S)) 



ress R{X; iJ,{hi), nihm)) ^ res5 R{X, 

where the horizontal maps are natural projections and the vertical maps 
are restrictions to S, it is enough to prove that the restricted algebra 
ress R{X] fi{hi), . . . , ii{hm)) is finitely generated. By passing to a trun- 
cation, I can assume further that S ^ Fix for i = 1, . . . ,m. 

Step 2. Therefore I can assume S = 0^=i Ncj and /i(ej) = for 
every i. For s = X]i=i ^i^i ^ '^Q = J2i=i'^i^iy denote A^ = 

Y^l^itikiAi/tg and Qs = (A^ — 5*) 15. Observe that 

R{X; Di, . . . , A) = H\X, ts{Kx + A,)). 

In this step I show that we can assume that {S, Qs + A\s) is terminal 
for every s E Sq. 
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Let J2^k = UiSupp-Bj, and denote Bj = B(X, Aj) and B = 
B(X, S + i^J2k^k + A), where u = maxi {'^'Vi^t Bi}. By Lemma 
15.41 there is a log resolution f : Y X such that the components of 
{By} do not intersect, and denote D'^ = ki^Ky + Bjy). Observe that 

(3) R{X■D^,...,D,):^R{Y■,D[,...,D',). 

Since Bi < v'Ylik^ki by comparing discrepancies we see that the com- 
ponents of {Bjy} do not intersect for every i, and notice that f*A = 
f~^A < Bjy for every i since A is very general. For s = ^j^j^ tjCj G Sq 
and tg = Yll^itiki, denote A(, = Yli=iti^i^iY /ts- Let if be a small 
effective /-exceptional Q-divisor such that A' ~q f*A — H is a general 
ample Q-divisor, and let T = f~^S. Then, setting = — f*A — 
T + H >0 and ^l'^ = "^sIt + A'^t^ P^i^ ^'s + ^'t) is terminal and 
Ky + T + '$s + A' r-.^ Ky + a;. Now replace X hjY, S by T, A, by 
T + '^s + A' and fi, by Q',. 

Step 3. For every s e S, denote = f Fix \ts(Kx + AJI^ and F| = 
liminf Fms. Define the maps 0: 5 — > Div(S')Q and 9": 5 — >^ Div(S')Q 

m— >oo 

by 

e(s) = n,-nsA f„ e\s) = n,-nsA fI 

Then, denoting Qg = 0(s) and 9| = Q^{s), we have 

(4) res5 R{X; Di, . . . , D,) ~ H\S, ts{Ks + 6,)) 

by Corollary l5.2[ Furthermore, for s G iS let e > be a rational number 
such that e{Kx + A^) + A is ample. Then by Theorem 15.11 we have 

\ks{Ks + a - $,)| + h^s C \ks{Kx + As)\s 

for any $s and kg such that kgAg, ks^s £ Div(X) and fi^ A (1 — ■^)-Fs < 
<l>g < Qg. Then similarly as in the proof of |HM08t Theorem 7.1], by 
Lemma 13.81 we have that Qg A F| is rational and 

(5) ress R{X, kl{Kx + A,)) ^ R{S, kl{Ks + e«)), 

where and fc^A^ are both Cartier. Note also, by the same proof, 
that G <;t B{Ks + e|) for every component G of In particular, 
= ©fcls = ©I for every p G N. 
Define maps A: iS ^ Div(S')(Q and S ^ Div(S')(Q by 

A(s) = tg{Ks + Qs), A«(s) = t,{Ks + e«). 

By Theorem 15.81 below, there is a finite rational polyhedral subdivision 
Sr = [JCi such that the map A" is linear on each Cj. In particular, there 
is a sufficiently divisible positive integer k such that k\^{s) is Cartier 
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for every s & S, and thus k,X^{s) = X{k,s) for every s E S. Therefore the 
restriction of A to S^'^^ is additive, where Si = S f] Ci. If s\, . . . , si are 
generators of Sl'^\ then the Cox ring R{S; X{s\), . . . , A(s!,)) is finitely 
generated by Theorem 11.21 and so is the algebra i?(5,A(5f^)) by pro- 
jection. Hence the algebra 0sg<s -^°('^' '^('^)) finitely generated, and 
this together with (jlj) finishes the proof. □ 

It remains to prove that the map A" is rationally piecewise linear. 
Firstly we have the following result, which can be viewed as a global 
version of Lemma 1X51 Recall that S = 0^=^ Ne^. 

Lemma 5.6. There is a positive integer r such that the following 
stands. // \1/ G Div(S')Q is such that Supp \E' C ULi Supp(fiei — ^15) 
and no component of \1/ is in B{Ks + \1/ + ^15), then no component of 
\1/ is in Fix\k{Ks + + A\s)\ for every k with + A\s)/r Cartier. 

Proof Let Y.'j=i Gj = ULi Supp (fig, - A\s), and for each j let Vg, = 
{S G ^^.[0, l]Gj : ^ B{Ks + H + ^i^)}. Each Vg^ is a rational 
polytope by Property Let Ks be a divisor such that Os{Ks) — 
Us and Supp A ^ Suppi^'x, let V be the convex hull of all rational 
polytopes Ks + A\s + Pg,, and set C = R+V. Observe that Ks + '^ + 
A\s G C. Let Gq+i, . . . , Gw be the components of Ks + A\s not equal to 
Gj for j = 1, . . . , g, and let A = NG^. Then by Theorem 11.21 in 

dimension dim S the algebra R{S, C fl A) is finitely generated and the 
map Mob^|(jp|^(r) is piecewise additive for some r by Proposition 13. 7[ 
where l: A — >■ A is the identity map. In particular, if Gj ^ B(i^'5 + \1/ + 
A\s) and k{-^ + A\s)/r is Cartier, then Gj (/l Y\y.\k(Ks^'^ ^ A\s)\. □ 

Theorem 5.7. For any s,t E we have 

Proof. Step 1. First we will prove that 6^ = e|, where 
0^ = fi,-fi, AAT^IlKx + A.lls, 

cf. Remark 12. 5[ I am closely following the proof of [HacOSl Theorem 
7.16]. Let r be a positive integer as in Lemma 15.61 let < 1 be 
the smallest positive coefficient of VLs — if it exists, and set (f) = 
1 otherwise. Let V C Div(X)iK and W C Div(S')]R be the smallest 
rational affine spaces containing Ag and 0^ respectively. Let < r/ ^ 1 
be a rational number such that r]{Kx+As) + ^A is ample, and if A' G 
with II A' — As II < T], then A' — A^ + ^A is ample. Then by Lemma 
there are rational points (Aj, 0j) G V x W and integers /cj 3> such 
that: 
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(1) we may write = XI '"j^i ^^^d = X] '"i©*) where rj > and 

(2) /EjAj/r are integral and ||As — Aj|| < (j)ri/2ki, 

(3) kiQi/kg are integral, ||9^ — 9j|| < (f)ri/2ki and observe that 
Qi < fii since /cj > and (Aj, 6^) G x VT. 

Step 2. Set = A/ki and f2j = (Aj — S')|5. In this step I prove that for 
any component P G Suppfi^, and for any / > sufficiently divisible, 
we have 

(6) multp(ai A } Fix \l{Kx + Ai + Ai)\s) < multp(a - 6,). 

If = 1 , ([H]) follows immediately from Lemma 12.61 Now assume < 
(f) < 1. Since \\Qs — < <t>'n/2ki and ||6^ — 6i|| < (f)ri/2ki, it suffices 
to show that 

multpiQi A \Fix\l{Kx + Ai + Ai)\s) < (1 - f ) multp(a - 6^). 

Let 6 > rj/kihe a. rational number such that 6{Kx + Ai) + \Ai is ample. 
Since 

Kx + A, + A = (1 - 6){Kx + A, + \Ai) + {6{Kx + A,) + 
we have 

ordp \\Kx + Ai + A,\\s < {I - 5) ordp \\Kx + A, + \A,\\s, 
and thus 

multpiFix|/(i^x + A, + A,)|5 < {l-^;)ap\\Kx + Ai\\s 
for / sufficiently divisible, cf. Lemma [2. 6 [ 

Step 3. In this step we prove that there exists an effective divisor H' 
on X not containing S such that for all sufficiently divisible positive 
integers m we have 

(7) \m{Ks + e,)| + miSli - 6^) + {mA, + H')\s 

C \m{Kx + Ai) + mAi + H'\s. 

First observe that since 5* ^ ^{Kx + A^) and Aj — A^ + Ai is ample, 
we have 5* ^ Bs \m{Kx + Aj + v4j)| for m sufficiently divisible. Assume 
further that m is divisible by /, for I as in Step 2. Let f : Y X 
be a log resolution of {X,Ai + Ai) and of \m{Kx + Aj + Ai)\. Let 
F = B(X, Ai + Ai)Y and E = Ky + T - f*{Kx + A^ + A^), and define 

S = F-FA^Fix|m(iry + F)|. 

We have that m{KY + S) is Cartier, Fix |m(Ky + S)| A S = and 
Moh{m{KY + S)) is free. Since Fix \m{KY + H) | + S has simple normal 
crossings support, it follows that B(ii'y + H) contains no log canonical 
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centres of (F, [S] ). Let T = f-'S, Tt = (T - T)\t and = (S - T),t, 
and consider a section 

By |HM08t Theorem 5.3], there is an ample divisor H onY such that 
if r G H^{T, Ot{H)), then a ■ r is in the image of the homomorphism 

OY{m{KY + E) + H))-^ H\T, OTim^Kv + E) + H)). 

Therefore 

(8) \m{KT + Ht)| + m{TT - Sy) + H\t C \m{KY + T) + H\t. 
We claim that 

(9) + A\s> (/|t)*Ht > e, + A|s 

and so, as {S,fli + Ai\s) is canonical, we have 

\m{Ks + e,)\ + m{{f]T).^T-Q^) 

C \m{Ks + (/|T)*5r)| = {f\T)*MKT + Et)\. 

Pushing forward the inclusion ([H]), we obtain ([7]) for H' = f^H. 

We will now prove the inequality claimed above. We have < 
Tt and (/|r)*rT = + and so the first inequahty follows. 

In order to prove the second inequality, let P be any prime divisor 
on 5* and let P' = (/|t)~^P. Assume that P C Suppfi^, and thus 
P' C SuppF^. Then there is a component Q of the support of F such 
that 

multp/ Fix |m(fry + F)|j' = multg Fix \m{KY + F)| 
and multp' F^ = multQ F. Therefore 

multp' = multp' Tt — minjmultp' Fj-, multp/ ^ Fix \m{KY + F)!^-}. 

Notice that multp/ F^ = multp(fij + A^^s) and since E^x is exceptional, 
we have that 

multp/ Fix|m(i^'y + F)|t = multp Fix \m{Kx + + Ai)\s. 

Therefore (/|t)*St = fi. + A^^s - ^ A ^ Fix \m{Kx + A, + A,)\s. The 
inequality now follows from Step 2. 

Step 4- In this step we prove 

(10) MKs + e^)\ + Hn, - e,) c \hkx + ^^)\s. 

For any S G \ki{Ks + and any m > sufficiently divisible, we 
may choose a divisor G G |m(frx + Aj) + mAi + iJ| such that G\s = 
|E + m(l]i - Gi) + {mAi + H) ,5. If we define A = + A,-S-A, 

then 

hiKx + A,)r^QKx + S + A + A- ^H, 
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where Ai - is ample as m > 0. By |HM08t Lemma 4.4(3)], we 

have a surjective homomorphism 

Since {S, fij) is canonical, (5*, fij + ^^^H\s) is kit as m ^ 0, and there- 
fore J7n , fci-i u = Os- Since 

\lt + — -Hi"? 

A|5-(S + A;,(a-e,)) 

= ^G\s + n, - A\s - (s + hin, - e,)) < n, + ^ij|5, 

then by |HM08l Lemma 4.3(3)] we have Xs+fc.(ni-ei) C J7a|s, and so 
E + fc,(a-0,,) G |fc,(irx + A,)|5, 

which proves ( fTOl) . 

S'iej) 5. There are ample divisors yl„ with Supp C Supp(As — S*) such 
that \\An\\ and A^ + A^ are Q-divisors. Observe that 9^ = lim 9^ 

with 

9^ = a, -QnA N^Kx + AnWs, 
where A„ = Ag + An and Qn = (A„ — 5*) 15. Note that 

N^Kx + AnWs = ^ordp||Kx + A„||5-P 

for all prime divisors P on 5 for all n, cf. Remark 12.51 But then 
as in Step 3 of the proof of Theorem 15. 5[ no component of 9^ is in 
B{Ks + 9^), and thus, by Property and since 9^ > 9^ for every 
n, no component of 9^ is in ^{Ks + 9^). Since fc, is divisible by r and 
9i G VT, by dlD]) we have 

- 9, > fii A i Fix IhiKx + Ai)\s >n,- 9f, 

and so 9- > 9i, where 

9« = n,-n,A liminf ^ Fix \miKx + A,^\s. 

m^oo 

Let P be a prime divisor on S. If mult p 9^ = 0, then multp9| = 
since 9^ > 9| by Lemma 12.61 Otherwise mult p 9j > for all i and 
thus multp 9 • > 0. Therefore by concavity we have 

mult pQl>^ri mult p 9f > ^ mult p 9i = mult p 9^, 

proving the claim from Step 1. 
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Step 6. Now let C be an ample Q-divisor such that — + C is 
ample. Then by the claim from Step 1 and by Lemma [2.6^ 

f], - e» = a A lim (J^ordp \\Kx + A, + e{/\t - A, + C)\\s ■ P) 

< A lim ( ^ ordp \\Kx + A, + e(Ai - A,) \\s-P)<^s- 

where the last inequality follows from convexity. Therefore that in- 
equality is an equality, and this completes the proof. □ 

Now, let Z be a prime divisor on S and let Cz be the closure in 
5r of the set {s G iSr : mult^ 6^ > 0}. Then Cz is a closed cone. 
Let : iSr — > M be the function given by A^(s) = multzA''(s), and 
similarly for 0^. 

Theorem 5.8. For every prime divisor Z on S, the map A^ is ratio- 
nally piecewise linear. Therefore, A" is rationally piecewise linear. 

Proof. Let Gi, . . . ,Gw be prime divisors on X not equal to S and 
SuppA such that Supp(As — S — A) C for every s E S. Let 

u = maxjmultci As : s E S,i = 1, . . . ,w} < 1, and let < ^ 1 — z/ be 
a rational number such that A— rj^Gi is ample. Let A' ~q A—rjY^Gi 
be a general ample Q-divisor. Define A'^ = A^ — A + 77 ^ Gj + A' > 0, 
and observe that A^ ~q A^, [A'^J = 5" and {S, (A^ — S)\s) is terminal. 

Define the map x- <S Div(X) by x(s) = Kts{Kx + A'^), for k 
sufficiently divisible. Then as before, we can construct maps 6^ : iSr ^ 
Div(S')R, A**: 5r — > Div(5')]K and X\: —>■ M associated to x- By 
construction, ord^; ||A|/fi;ts||5 = ord^; HAl/tsHs, and thus mult^ = 
mult^ 9| + 77 for every s e Cz- Let Cz be the closure in 5r of the set 
{s G iSr : mult^ 0| > 0}, and thus Cz is the closure in iSr of the set 
{s G 5r : multz > ''7}. Note that mult^ 9j > 77 for every s G £z by 
Theorem 15. 71 Now for every face of iSr, either J^nCz C relint(jFn£z) 
or n Cz) n n Cz) C dJ^. Therefore by compactness there is 
a rational polyhedral cone J^z such that Cz C TVI^ C Cz, and so the 
map X'^zImz is superlinear. 

By Theorem lS.lOl below. for any 2-plane if C the map A^A^^nH is 
piecewise linear, and thus X^z\mz is piecewise linear by |Laz07l Lemma 
3.8]. 

To prove that y^z\Mz is rationally piecewise linear, let k = dimA^^ 
and let Aiz = U^m be a finite polyhedral decomposition such that 
A^lcm is linear for every m. Let Ti he a hyperplane which contains a 
common {k — l)-dimensional face of cones Cj and Cj and assume 7i is 
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not rational. By Step 1 of the proof of |Laz07t Lemma 3.5] there is a 
point s G Cj n Cj such that the minimal affine rational space containing 
s has dimension k — 1. Then as in Step 1 of the proof of Theorem 
15.101 there is an fc-dimensional cone C such that s G int C and the map 
\^z\c linear. But then the cones C fl Cj and C fl are /c-dimensional 
and linear extensions of A^|ci and A^|cj coincide since they are equal 
to the linear extension of A^|g-, a contradiction. Therefore all {k — 1)- 
dimensional faces of the cones Cj belong to rational hyperplanes and 
thus Cj are rational cones. 

Therefore the map X^zImz rationally piecewise hnear, and since Cz 
is the closure of the set {s e iSk : mult^ 9| > 77}, we have that Cz is a 
rational polyhedral cone, the map A^Uz is rationally piecewise linear, 
and therefore so is A^. Now it is trivial that A" is a rationally piecewise 
linear map. □ 

Thus it remains to prove that X^zImz^h is piecewise linear for every 
2-plane H C M^. As in Step 1 of the proof of Theorem [531 by replacing 
iSk hj Aiz and A^ by A^, it is enough to assume, and I will until the 
end of the section, that A^ is a superlinear function on Sm. for a fixed 
prime divisor Z on S. 

Let Cs be a local Lipschitz constant of 0" around s G 5k in the 
smallest rational affine space containing s. For every s E S, let (ps be 
the smallest coefficient of fi^ — 6^. 

Theorem 5.9. Fix s E and let U G M.^ be the smallest rational 
affine subspace containing s. If (ps > 0, let < 6 <^ 1 be a rational 
number such that (pu > for u E U with \\u — s\\ < 6, set cj) = mm{(j)u '■ 
u E U, \\u — s\\ < 6} and let < e <^ 6 be a rational number such that 
{Cs/ (p+l)s{Kx + As) + A is ample. If (ps = anc?SuppAs = ^Fj, let 
< £ ^ 1 be a rational number such that ^ /jFj + A is ample for any 
fi E {—e,e), and set = 1. Let t E U (1 Sq and kt ^ be an integer 
such that — s|| < e/kf, kfAt/r is C artier for r as in Lemma \5. 61 and 
S ^ ^{Kx + At). Then for any divisor Q on S such that O < Qt, 
II — ©III < (pe/kt and ktO/r is Cartier we have 

\kt{Ks + 6)1 + kti^t - 0) C \kt{Kx + At)\s. 

Proof. Set At = A/kf. I first prove that for any component P E 
SuppQs, and for any / > sufficiently divisible, we have 

(11) multp{Qt A \Fix\l{Kx + At + At)\s) < multpiQt - Q). 
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Assume first that 0^ = 0. Then in particular ordp \\Kx + A^H^ = 
and A( — As + At is ample since ||At — A^H < e/kt, so 

ordp \\Kx + Ai + AtWs = ordp \\Kx + A, + (A^ - A, + At)\\s 

<OTdp\\Kx + As\\s = 0. 

Since for I sufficiently divisible we have 

(12) multp i Fix \l{Kx + At + At)\s = ordp \\Kx + At + At\\s 

as in Step 3 of the proof of Theorem 15.51 we obtain ( ITTi) . 

Now assume that 0s 7^ and set C = Cs/(p- By Lipschitz continuity 
we have \\qI - e«|| < C(j)e/kt, so ||e? - e|| < {C + l)(f)6/kt. Therefore 
it suffices to show that 

multp(fii A i Fix \l{Kx + At + At)\s) < (1 - ^e) mn\tp{nt - Of). 

Since kt ^ 0, we can choose a rational number r] > {C + l)e/kt such 
that ri{Kx + A^) + At is ample. From 

Kx + At + At = {l- v)iKx + At) + {r]{Kx + A^) + At), 

we have 

ordp \\Kx + At + AtWs < {I ~ v) ordp \\Kx + AJ5, 

and thus by ([ED, 

multp i Fix + Ai + < (1 - ^e) ordp HiT^ + A,|U 

for / sufficiently divisible. 

Now the theorem follows as in Steps 3 and 4 of the proof of Theorem 
15:71 □ 

Finally, we have 

Theorem 5.10. Fix s G 5m and let R be a ray in Sm. not containing s. 
Then there exists a ray R' C M+s + R not containing s such that the 
map A^M^s+H' ^s Unear. In part^cular, for every 2-plane H C M^, the 
map X^z\swr\H is piecewise linear. 

Proof. Step 1. Let f/ C be the smallest rational affine space contain- 
ing s. In this step I prove that the map is linear in a neighbourhood 
of s contained in U . 

Let e and (p be as in Theorem 15.91 Let C and V C Div(S')R be 
the smallest rational affine spaces containing s and 0| respectively, and 
let r be as in Lemma 15.61 By Lemma 14.21 there exist rational points 
(tj, Q't^) eW xV and integers kt^ > such that: 

(1) we may write s = Y.i"hU, A^ = Y.i"tAu and = Y.i"kQ'u^ 
where r^. > and ^ rj. = 1, 
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(2) kt^/S.tJr are integral and ||s - <e/kt^, 

(3) kf.Q'^Jr are integral, ||6| — 6^1 < (jye/kt^ and note that 6^, < 
Vtt^ since kt^ > and [U, eW yiV. 

Observe that S (/l ^{Kx + ^ij since ti E W for every i and e 1 
by Property C^. By local Lipschitz continuity and by Theorem 15.91 we 
have that 

Since G^. G V and kt.Q[Jr is Cartier, no component of GJ. is in 
Fix \ kti{Ks + G[.)| for every i by Lemma [5.61 In particular, 

and so 

Gf > g; . 

But by assumption (1) and since the map G^ is concave, we have 

Gi(.) > Y.'-u^zit.) > Y^n^mnltzQ',^ = Q^s), 
which proves the statement by |Laz07l Lemma 2.6]. 

Step 2. Now assume s G iSq, 0s = and fix -u G i? such that s and 
u belong to a rational affine subspace V of M^. Let A: ^^^-^ Rcj 
Div(X)iR be a linear map given by A(pj) = Ap- for linearly independent 
points pi, . . . ,p£ G V n Sq, and then extended hnearly. Observe that 
A(p) = Ap for every p eV H S^.- 

Let W be the smallest rational affine subspace containing s and u. 
If there is a sequence s„ G (s, u] such that lim^^oo Sn = s and 0s„ = 0, 
then is linear on the cone M+s + R+si by |Laz07[ Lemma 2.6]. 

Therefore we can assume that there are rational numbers < e,ri <^ 
1 such that for all v G [s, u] with < ||f — s|| < 2£ we have 0„ > 0, that 
for every prime divisor P on S, we have either multp fly > multp Gf, 
or mult pfly = mult p Gj, and either mult p Gj, = or mult p Gf, > for 
all such V, and that A^, — A^ + H + A is ample for all such v and for 
any divisor S such that SuppS C Supp A^ U Supp A„ and < t]. 

Pick t G {s,u] such that ||s — t\\ < e/ks, ksS is integral and the 
smallest rational affine subspace containing t is precisely W. Let < 
5 -C 1 be a rational number such that 0^ > for v E W with ||f — 1|| < 
6, set = min{0t, : v E W, H^ — 1|| < 6} and let < ^ <^ min{(5, e} be a 
rational number such that {Ct/(f) + l)C,{Kx + Aj) + A is ample. Denote 
by C Div(S')]R the smallest rational affine space containing G| = Qs 
and G^, and let r be as in Lemma [521 Then by Lemma [4.31 there exist 
rational points (tj, G^J E W x V and integers fct- ^ such that: 
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(1) we may write t = Y^n^U, At = Y^rtAu and Q\ = Y^n^Q't^, 
where r^, > and J2''^u = 1; 

(2) h = s, Q'^^ = Ql = = 

(3) kf.AtJr are integral and ||t — ti\\ < ^/kf. for i = 2, . . . ,n — 1, 

(4) < n,^, fc,,e;yr are integral, ||e?-e;^|| < and (t„ 9^ 

belong to the smallest rational affine space containing (t, 0f ) for 
i = 2, . . . ,n — 1, 

(5) A, = ^^^A,, + ^;^A*„ + vl>, where h^A^Jr is integral, 
||t - tj < €/kt„ and ||^|| < ri/{kt, + hj, 

(6) 0? = ^0^. + + ^> where G^^ < h^/r is 
integral, ||0f - &J\ < e/h^ and ||$|| < 7]/{kt, + kj. 

Observe also that Supp ^ C Supp At and Supp $ C Supp 9f by Re- 
marks and Unapplied to the linear map A defined at the beginning 
of Step 2. Then by Theorem I5.9[ 

\ktXKs + e[J\ + kx^u - e[J c \hXKx + Aju 

for i = 2, ... ,n — 1. Let P be a component in Suppi^t and denote 
At^ = A/kt^. I claim that 

(13) mnltp{Qt^ A } Fix + At„ + AJ\s) < multp(fit„ - Q'J 

for / ^ sufficiently divisible. Assume first that multpBf = 0. Then 
multp 6| = by the choice of e, and thus multp 6^^^ = since 6^^ G V. 
Therefore 

multp(a„ A i Fix \l{Kx + At„ + AJI5) 

< multp fit^ = multp((]i„ - 

Now assume that multp 0f > 0. Then for I sufficiently divisible we 
have 

multp \ Fix \l{Kx + At„ + AJ^ = ordp \\Kx + At„ + Atjs 

as in Step 3 of the proof of Theorem ESI and since A^ — A^^ — hi^hiL-qiJ^ 
A is ample by the choice of 77, 

multp(fit„ A i Fix \l{Kx + At„ + At^)\s) < ordp \\Kx + At„ + 
= ordp \\Kx + A, + ^(A, - A,, - '-^^ + A) \\^ 

< ordp \\Kx + At\\s = multp(a - Of). 
Combining assumptions (5) and (6) above we have 

- ef <Qt- e« + - e« - ^^(vi/.^ - $)) = a„ - e;„. 
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and ( |T3l) is proved. Furthermore, we can choose e <^ 1 and kt„ ^ 
such that 5* ^ B{Kx + \„)- Otherwise, if we denote Q = {p E : 
S (f. B(_ft'x + Ap)}, Q is a rational polyhedral cone by Property 
and if: G dQ for every t G [s, m] with < ||t — s|| <C 1, and thus s G 9Q. 
But then forO<||t — s||<^l, s and t belong to the same face of Q, 
and so does t„, a contradiction. Therefore as in the proof of Theorem 
15.71 we have 

Denote Gj = Supp(fi^ - ^15) U Supp(fi„ - ^15), and let Q' = {E e 
Ej.[0, l]Gj : Z ^ B(irs + S + Then by Property C% Q is a 

rational polytope and 0^ G Q' for every p G 5m. Therefore as above 
and by Theorem 15. 7[ if e -C 1 then Z <f_ ^{Ks + 0f„), and as in Step 1 
we have that is linear on the cone X]r=i and in particular on 
the cone M+s + M+t. 

Step 3. Assume now that s G iSq, 0^ > and fix m G -R. Let again 
W be the smallest rational afiine space containing s and u. Let < 

^ 1 be a rational number such that 0^, > for f G [s, u] with 
\\v — s\\ < 2^, that for every prime divisor P on S" we have either 
multpfi^ > multp9j, or multpf^t, = multpGj, for all such v, and let 
= min{0i, : V E [s, u], \\v — s\\ < 2^}. 

Let kg be a positive integer such that kgAg/r and kgQl/r are integral, 
where r is as in Lemma [531 Let us first show that there is a real number 
< £ < ^ such that {Ct/4> + l)e{Kx + A„) + A is ample for all v e 
such that \\v — s\\ < 2^, where ||t — s|| = e/kg. If 6" is locally Lipschitz 
around s this is straightforward. Otherwise, assume is not locally 
Lipschitz around s and assume we cannot find such e. But then there 
is a sequence s„ G {s,u] such that lim Sn = s and Cs^||s„ — s|| > M, 

n— ►oo 

where M is a constant and Cg^ —>■ 00. Since a local Lipschitz constant 
is the maximum of local slopes of the concave function 0^|[s,„], we have 
that 




Therefore 

el-Ql>CgJsn-s\\>M 

for all n G N, which contradicts Theorem 15.71 

Increase e a bit, and pick t G {s,u] such that ||s — t|| < e/kg, the 
smallest rational subspace containing t is precisely W and {Ct/4> + 
l)e{Kx + A^) + A is ample for all v E such that ||f — s|| < 2e. 
In particular, is locally Lipschitz in a neighbourhood of t contained 
in W. Furthermore, by changing slightly I can assume that < 
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min{0^, : V & W, \\v~t\\ ^ 1}. Denote by V the smallest rational affine 
space containing 0| and Of, and let r be as in Lemma [5.6[ Then by 
Lemma [4.31 there exist rational points (tj,G^.) E W x V and integers 
kt- 3> such that: 

(1) we may write t = Y.'^h'tu = Y.nAk and = Y.'^tMi^ 
where rj^ > and Yl'^^u — 1 5 

(2) h = s, Q'^^ = Ql,kt, = h, 

(3) kt-AtJr are integral and ||t — ti\\ < e/kt- for all i, 

(4) < Qt^, k^Q'Jr are integral and - 6^1 < <Pe/h^. 

Observe that similarly as in Step 2 we have S ^ B(i^x + ^u) for all 
and therefore by Theorem 15.91 

\hXKs + eg I + hX^,^ -Q[Jc \hXKx + K)\s 
for all i. Then we finish as in Step 2. 

Step 4- Assume in this step that s G 5ik is a non-rational point and fix 
u E R. By Step 1 there is a rational cone C = Yli=i ^+9i with gi G Sq 
and k > 1 such that is linear on C and s = otiQi with all > 0. 
Consider the rational point g = J2i=i9i- Then by Step 2 there is a 
point s' = ag + (3u with a, /9 > such that the map is linear on the 
cone R+g + M+s'. Now we have 

+ = ^"^(^ + = ^"^(^) + ^^z{s') = Y.^%i) + au^'), 

so the map A^c+r+s' is linear by [Laz07t Lemma 2.6]. Taking /i = 
max{^} and taking a point -u = /is + u in the relative interior of 

M+s + i?, it is easy to check that 
so the map A^|k^s+m+« is linear. 

Step 5. Finally, let H be any 2-plane in M^. Then by the previous 
steps, for every ray i? C 5m fl if there is a polyhedral cone Cr with 
R <Z Cr d St^ r\ H such that there is a polyhedral decomposition 
Cr = Cr^i U Cr^2 with A^Cfli and X^z\cf^2 being linear maps, and if 
R C relint(5K H if), then i? C relintC^j. 

Let S^~^ be the unit sphere. Restricting to the compact set S^^^ fl 
iSm n if we see that X^zIsrHH is piecewise linear. □ 

6. Proof of the main result 



Proof of Theorem 
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Step 1. I first show that it is enough to prove the theorem in the case 
when y4 is a general ample Q-divisor and (X, Aj + A) is a log smooth 
kit pair for every i. 

Let p and k be sufficiently divisible positive integers such that all 
divisors A;(Aj + pA) are very ample and {p + l)kA is very ample. Let 
(p + l)kAi be a general section of |/c(Aj + pA)\ and let {p + l)kA' be 
a general section of \{p + l)kA\. Set A- = + A- Then the pairs 

(X, A^ + A') are kit and 

{p + l)k{Kx + A, + A) ~ + + a: + A') =: 

for every i. Then a truncation of R{X] Di, . . . , Di) is isomorphic to 
R{X; D[, . . . , D'^), so it is enough to prove the latter algebra is finitely 
generated. 

Step 2. Therefore I can assume that Aj = ^ij^j with Sij G [0, 1). 
Write Kx + Ai + A r~.Q f..Fj > 0, where Fj ^ A since A is 

general. By blowing up, and by possibly replacing the pair (X, Aj) by 
{Y, A'j) for some model F — > X as in Step 2 of the proof of Theorem 
15.51 I can assume that the divisor J2f=i has simple normal crossings. 
Thus for every i, 

where fij = - 6ij > -1. 

Let A = ®f=i N-Fj C Div(X) be a simplicial monoid and denote 
r = {{ti,...,ti) : ti > 0,J2U = 1} C For each r = (ti,...,t£) G 
T, denote 6rj = J^i^i^ij and frj = J^i^ifij, and observe that Kx ~ir 
-A + f^jFj. Denote -B^ = Xl^Lii^rj + /rj, 1 + frjWj C Ar and let 
B = UreT'^T- -'■^ is ^^sy ^^^^ i3 is a rational polytope: every 

point in i3 is a barycentric combination of the vertices of Br^ , ■ ■ ■ , B^ , 
where Tj are the standard basis vectors of M^. Thus C = M+i3 is a 
rational polyhedral cone. 

For each j = 1, . . . , X fix a section aj G if'^(X, Fj) such that div aj = 
Fj. Consider the A-graded algebra IK = 0,gA^« ^ R{X] Fi, . . . , Fx) 
generated by the elements of R{X,C fl A) and all aj; observe that 
= H^{X, s) for every s G C fl A. I claim that it is enough to show 
that 9^ is finitely generated. 

To see this, assume 9^ is finitely generated and denote 

uji = rki "^.{Sij + fij)Fj G A 

for r sufficiently divisible and i = 1, . . . , i. Set Q = ^ • R+cjj fl A and 
observe that Ui ~ rDi. Then by Lemma 13.4( 2) the algebra R{X, C fl 
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A) is finitely generated, and therefore by Proposition 13.71 tliere is a 
finite rational polyhedral subdivision = Q^. such that the map 
Mobt|gj.nA is additive up to truncation for every k, where t: A — A is 
the identity map. 

Let uj'i, . . . , u'g be generators of Q such that u'^ = Ui for i = 1, . . . ,i, 
and let vr : 0^=^ Ncu^' — ^ be the natural projection. Then the map 
Mob^|7r-i(g^nA) is additive up to truncation for every k, and thus 
7r(0^^^ Nu;-)) is finitely generated by Lemma [3.4( 3). There- 
fore R{X, 7r(0,.^-,^ Ncjj)) ~ R{X; rDi, . . . , rDi) is finitely generated by 
Lemma [3.4( 2). thus R{X] Di, . . . , Di) is finitely generated by Lemma 

[33K1). 

Step 3. Therefore it suffices to prove that 9^ is finitely generated. Take 
a point '^jifrj + bTj)Fj G i3\{0}; in particular hrj G [5rj, !]• Setting 

we have 

Observe that G (0,1], G [&rj,l] and there exists jo such that 
h'^j^^ = 1. For every j = 1, . . . , A^, let 

J-'rj = (1 + fTj)Fj + / ^, , [Srk + frk, 1 + frklFk, 
^ — ^kytj 

and set J^j = UreT-^Tj' which is a rational polytope. Then Cj = 
M+JFj is a rational polyhedral cone, and ([T^ shows that C = [jjCj. 
Furthermore, since Yljifrj + ^Tj)Fj ~m Kx + ^jKjFj + A for r G 
T, for every j and for every s G Cj fl A there is G Q+ such that 
s ~Q rs{Kx + Fj + As + A) where Supp C ^kjtj and the pair 
(X, Fj + As + A) is log canonical. 

Step 4- Assume that the restricted algebra resi?^ R{X, Cj fl A) is finitely 
generated for every j. I will show that then is finitely generated. 

Let V = XljLi ^Fj ~ R^, and let II ■ II be the Euclidean norm on 
V. By compactness there is a constant C such that every J^j C is 
contained in the closed ball centred at the origin with radius C. Let deg 
denote the total degree function on A, i.e. deg(^^^ Oij9j) = SjLi "^j! 
it induces the degree function on elements of 9^. Let M be a positive 
integer such that, for each j, res^, R{X,Cj fl A) is generated by {<7\Fj '■ 
a G R{X, Cj n A), degor < M}, and such that M > CN^'^ maxjYrj-}. 

l.J *J 

By Holder's inequality we have > N^^^'^ deg 5 for all 5 G Cfl A, and 
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thus 

||s||/C>max{-i— I 

« J II — Oij J 

for all s G C n A with deg s > M. Let 7i be a finite set of generators of 
the finite dimensional vector space 

H\X,s) 

seCnA,degs<A/ 

such that for every j, the set {<J\Fj '■ <7 ^ 'H} generates resi?. R{X, CjCiA). 
I claim that 9^ is generated by {ai, . . . , cn} U H, with aj as in Step 2. 

To that end, take any section a G 9^ with deg a > M. By definition, 
possibly by considering monomial parts of a and dividing a by a suit- 
able product of sections aj, I can assume that a G R{X, CflA). Further- 
more, by Step 3 there exists w E {1, . . . , N} such that a G R{X, C^flA), 
thus there is r G T n Q'^ such that a G H^{X, r„ ^^iUj + brj)Fj) with 
brw = 1- Observe that r„ > maxj \ } since 11 JZAfri + ^riO-^ill < C, 

and in particular ^^^^ > 6rw for every t E T. 

Therefore by assumption there are elements 9i, . . .,9z G 7i and a 
polynomial (p G C[Xi,...,Xj such that a^p^ = v2(6'i|f», • • • , ^'^if^)- 
Therefore by ([T]) in Remark 13.21 

(a - ^(^1, . . . , G H%X, + - F^) ■ 

Since 

we have To- J^jifrj + brj)Fj — Fyj G C fl A. We finish by descending 
induction on deg a. 

Step 5. Therefore it remains to show that for each j, the restricted 
algebra resi?. R{X,Cj fl A) is finitely generated. 

To that end, choose a rational < £ -C 1 such that e X^fcgj Fk + A 
is ample for every J C {1, . . . , A^}, and let Aj ~q e X]fcg/ + A he a. 
very general ample Q-divisor. Fix j, and for J C {1, . . . , A^}\{j} let 

= (1 + frj)F, +J2[l~e + frkA + frk]Fk 

kei 

+ [(^rfc + Zr/c,! -e^ + ZTfel^fc- 

Set JFJ = IJ^g^jF^^; these are rational polytopes such that J-'j = 
U/c{i Af}\{i}*^/' therefore Cj = M+jFj are rational polyhedral 
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cones such that Cj = IJ/c{i Af}\{i} Furthermore, for every s G 
C/ n A we have s ~q r^iKx + Fj + A, + A) ~q r^iKx + Fj + A; + Aj), 
where A; = A, - e J^kei > and [F, + A'^ + Aj\ = F,. 

Therefore it is enough to prove that res^?^. R{X,Cj fl A) is finitely 
generated for every /. Fix / and let hi, . . . ,hm be generators of fl 
A. Similarly as in Step 1 of the proof of Theorem 15.51 it is enough 
to prove that the restricted algebra res^?. R{X] hi, ... , h^) is finitely 
generated. For p sufficiently divisible, by the argument above we have 
ph^ ~ p^{Kx + Fj + B^ + Ai) =: H^, where \B^] C Efc^j^fc, L^^J = 0, 
e N and Aj is a very general ample Q-divisor. Therefore it is 
enough to show that resj?. R{X; Hi, . . . , Hm) is finitely generated by 
Lemma 13.4( 1). But this follows from Theorem 15.51 and the proof is 
complete. □ 

Proof of Theorem By |FM00l Theorem 5.2] and by induction on 
dimX, we may assume Kx + A is big. Write Kx + A ~q i? + C 
with B effective and C ample. Let f : Y ^ X he a. log resolution of 
[X, A + B + C) and let H be an effective /-exceptional divisor such 
that f*C-H is ample. Then writing Ky + T = f*{Kx + A) + E, where 
r = B(X, A)y, we have that R{Y,Ky + F) and R{X,Kx + A) have 
isomorphic truncations. Since -ft^y+F ~q {f*B+H+E) + {f*C—H),we 
may assume from the start that Supp(A + B + C) has simple normal 
crossings. Let e be a small positive rational number and set A' = 
{A + eB)+eC. ThenKx + A' ~q {e + 1){Kx + A), emd R{X, Kx + A) 
and R{X, Kx + A') have isomorphic truncations, so the result follows 
from Theorem II. 2[ □ 
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